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We study the structure of low-lying states of 13C with a microscopic cluster model. In addition to the 3α-n
model space, the breaking effect of one of the α clusters due to the spin-orbit interaction is also taken into account.
The isoscalar E0 transition probabilities from the ground 1/2− state to the excited ones are discussed associated
with the cluster structure of these states.
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I. INTRODUCTION
Various microscopic cluster models have been successfully
applied to light nuclei [1,2], and recently, the analysis has been
extended to the neutron-rich side. For instance, Be isotopes
have been analyzed to have an α + α cluster structure with
the valence neutrons [3–10]. We have discussed that the
anomalously large cluster structure of α + α, which appears in
10Be and 12Be, is associated with the σ orbital of the valence
neutrons.
As the next step of such studies, we focus on the 3α-cluster
structure of C isotopes. The second 0+ state of 12C has been
well known to have a developed 3α-cluster structure (Hoyle
state), which has been recently reinterpreted as anα-condensed
state [11,12]. It is intriguing to see how the structure changes
when valence neutrons are added in neutron-rich C isotopes.
Because the attractive interaction acts between the neutrons
and the 3α core, the gas-like cluster structure of the second
0+ state of 12C is changed to a state with a geometric shape.
For instance, an equilateral-triangular shape of 3α, which is
stabilized by the additional two valence neutrons, is suggested
in 14C based on the molecular-orbit model [13]. When the
system has this symmetry, a rotational band structure with
Kπ = 3− appears in addition to that with Kπ = 0+ [2,14].
Experimentally, the candidates for these bands have been
observed and the members of these bands are well excited
by α-transfer reactions, which strongly suggests the α-cluster
structure [15].
In this article, we study 13C, which is the nucleus located
between 12C and 14C on the nuclear chart, and we study how the
gas-like cluster state of 12C changes when one valence neutron
is added. Recently, the presence of the cluster states in 13C
has been suggested by measuring the isoscalar E0 transitions
from the ground 1/2− state induced by the 13C(α, α′)13C
reaction [16]. The obtained values are much larger than those
of the shell-model calculations, which suggests that protons
and neutrons are coherently excited and they have spatially
extended distribution in the excited states. However, the values
are smaller if we compare them with the B(E0) value of 12C
from the ground 0+ state to the 0+2 state. Analysis from the
theoretical side is required to see whether or not this implies
a structure change of the Hoyle state due to the additional
neutron. Also, other candidates for the α-cluster states are
suggested around the Ex = 10 MeV region. Here, in addition
to a linear-chain configuration of 3α clusters [17], the presence
of the states with the two-dimensional 3α configurations is
suggested [17–19].
Recently, the cluster states of 13C and their relation to the
E0 transition have been discussed based on the orthogonal
condition model (OCM) [20]. Here, the model space is 3α + n
(four-body). We introduce a microscopic model, in which an
α-breaking effect due to the coupling with the shell-model-like
configurations is also included. The breaking effect of one of
the α clusters due to the spin-orbit interaction is expressed
by introducing the simplified method to include the spin-orbit
interaction (SMSO) [21,22].
This article is organized as follows: in Sec. II, the
framework is described, and in Sec. III, numerical results are
presented. In Sec. IV, possible interpretations of the obtained
results, especially for the B(E0) values, are discussed, and the
conclusion is given in Sec. V.
II. FRAMEWORK
The total wave function is fully antisymmetrized and is
given by a superposition of the Slater determinants ({k})
with coefficients {ck}:
 =
∑
k
ckP
J
MKk. (1)
Projection onto a good angular momentum is performed by
the projection operator P JMK , and the coefficients {ck} are
determined by diagonalizing the Hamiltonian matrix after
this projection. Each Slater determinant (k) consists of A
nucleons
k = A[(ψ1χ1)(ψ2χ2) · · · ·], (2)
and each nucleon (ψiχi, i = 1 ∼ A) has a Gaussian form the
same as many conventional cluster models. The oscillator
parameter (b = 1/√2ν = 1.46 fm) is common for all nucleons
to exactly remove the center-of-mass kinetic energy. Each α
cluster is expressed by giving a common zi value for four
nucleons (proton spin-up, proton spin-down, neutron spin-up,
and neutron spin-down).
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We introduce two kinds of model spaces. One is the cluster
model space cl with various 3α + n configurations, and the
other is model space ab, in which the breaking effect of
one of the α clusters is taken into account. In both model
spaces, the position of the Gaussian center parameter for one
valence neutron is randomly generated. In ab, the inclusion
of the breaking effect of one of the α clusters is achieved
by employing the simplified method to include the spin-orbit
contribution (SMSO) [21,22]. In the SMSO, we introduce the
imaginary part for the Gaussian center parameters of one of
the α clusters to be broken, which enables us to take into
account the contribution of the spin-orbit interaction for this
cluster. The four nucleons in the α clusters to be broken have
a common spatial part of φ Z centered at R,
φ Z = exp{−ν(r − Z/
√
ν)2} (3)
Re[ Z/√ν] = R. (4)
When the α breaking due to the spin-orbit interaction is
considered, in addition to the real part of Z, the imaginary
part is introduced dependent of the spin orientation of each
nucleon in this α cluster (es is the unit vector for the spin
orientation of the nucleon):
Im[ Z/√ν] = 
( es × R). (5)
The introduction of the imaginary part of Z enables us
to consider the spin-orbit contribution, and 
 is the order
parameter of the transition from a pure α-cluster config-
uration to a jj -coupling-like configuration as discussed in
Refs. [21–23].
For the Hamiltonian, we use the Volkov No. 2 (V 2) potential
[24] for the central part and the G3RS potential [25] for the
spin-orbit part as the effective N -N interactions. To reproduce
the scattering phase shifts of the α + n and α + α systems,
M (Majorana parameter of V 2) = 0.6 and V0 (strength of
G3RS) = 2000 MeV should be adopted [26]. However, for the
carbon isotopes, these parameters are found to lead systematic
overbinding [27]. One origin must be the missing of the tensor
interaction, whose first order contribution (between j -upper
protons and j -upper neutrons [28]) acts repulsively when an α
cluster is broken to take into account the spin-orbit interaction.
To include this effect in the present Hamiltonian, V0 is slightly
modified to 1500 MeV. Also, we introduce the Bartlet and
Heisenberg terms as B = H = 0.125 to reproduce the binding
energy of deuteron and to remove the bound state of the
neutron-neutron system. In addition, we compare the results
calculated with the Majorana exchange parameters ofM = 0.6
and 0.61.
III. RESULTS
First, we show how the energy eigen states are obtained.
The energy convergence of the 1/2− states calculated within
the bound state approximation is shown in Fig. 1 (M = 0.61
case), where the horizontal axis is the number of basis states.
The basis states of cl are from 1 to 250 with the 3α + n
model space, and the basis states of ab are from 251 to
400, where the α-breaking effect is taken into account using
SMSO. The 
 value of each basis state in ab is determined by
optimizing the energy of the negative parity state of each basis
state; however, the basis states with 
 < 0.2 are excluded.
In addition, we include the basis states whose 
 values are
artificially doubled from those obtained above. As for the
selection of the basis states, we use the idea of the stochastic
variational method (SVM) [29]. When N basis states are
selected, the (N + 1)-th Slater determinant is adopted under
the condition of
∑
i |Ei,N+1 − Ei,N | < 0.1 MeV, where the
summation over i is for the six lowest 1/2− states. This is
needed to obtain the basis states not only for the ground
state, but also for the excited states. Also, if the eigenvalue
of the norm matrix becomes 10−12 times smaller compared
to the largest one, then we exclude such states for numerical
stability. As a result, 97 cl states are selected out of 250,
and 32ab states are selected out of 150. The curves show
that after getting convergence within cl, energies decrease
again when we start incorporating the model space of ab.
The decrease of the energy due to the mixing of ab is large
(∼5 MeV) for the first and the second 1/2− states. Here, the
lowest 1/2− state at −94.3 MeV corresponds to the ground
state, which is bound by 11.6 MeV from the α-α-α-n threshold
(−82.7 MeV) in good agreement with the experimental value
of 12.2 MeV. The second 1/2− state, which converges at
−81.3 MeV, is the fourth state within cl before introducing
the α-breaking configurations (ab), and the coupling effect
between the two configurations is really large for this state.
Contrary to the two lowest 1/2− states, the third and fourth
1/2− states do not show large energy decrease due to the
mixing of α-breaking configurations. This might indicate the
persistence of an α-cluster structure in these states.
For ab, we have introduced the 
 parameter as an
order parameter of the α-breaking states; however, because
we have superposed states with different 
 values and 

is not observable, we must introduce a different quantity
in operator form to extract the amount of the mixing of
α-breaking components. Here, a one-body ls operator (SO1by)
is introduced for the proton part:
SO1by =
∑
i=protons
Li · Si. (6)
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FIG. 1. The energy convergence for the J π = 1/2− states of 13C
within the bound state approximation. The horizontal axis shows the
number of trial Slater determinants. The basis states of the 3α + n
model space (cl) are from 1 to 250, and the α-breaking effect is
taken into account in 251–400. The dashed lines at −88.0 MeV and
−82.7 MeV show the 12C + n and α-α-α-n threshold energy,
respectively. The Majorana parameter of V 2 is taken to be M = 0.61.
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TABLE I. The calculated properties of each 1/2− state of
13C within the bound state approximation. The energy (E), the
expectation values of a one-body spin-orbit operator (SO1by), the
proton and matter rms radii (fm), and the single-particle parity of a
valence neutron (Pv) are shown.
1/2−1 1/2
−
2 1/2
−
3 1/2
−
4 1/2
−
5
E (MeV) −94.3 −81.3 −80.2 −78.3 −76.9
SO1by 0.83 0.43 0.41 0.20 0.24
Proton radius 2.25 2.39 2.49 2.57 2.44
Matter radius 2.37 2.90 2.70 2.78 2.92
Pv −0.94 −0.34 −0.76 0.46 −0.19
Here, Li and S represent one-body angular momentum and
spin operators for the protons. The actual spin-orbit interaction
in the Hamiltonian is two-body, but to see the amount of α
breaking in the wave function, we introduce this one-body
operator. The value is zero for the 3α + nmodel space, because
two protons form S = 0 in each α cluster. However when one
of the α clusters is broken, the value becomes finite. The value
is 1 when the wave functions of two protons in one of the α
clusters is changed to a jj -coupling wave function of p3/2,
and the value becomes −2 when they occupy the jj -coupling
wave function of p1/2. Therefore, the one-body ls operator
for the protons can be a measure of the α-breaking effect. The
results for the 1/2− states of 13C are summarized in Table I.
The ground 1/2− state calculated at −94.3 MeV has the value
of 0.83, which shows that one of the α clusters is completely
changed into a jj -coupling-like wave function. However, the
value decreases with increasing excitation energy. Therefore,
we confirm the persistence of the α-cluster structure in the
excited states.
The proton and matter rms radii for the 1/2− states
calculated within the bound state approximation are also
shown in Table I. The ground 1/2− state has a small radii
of 2.25 fm (proton) and 2.37 fm (matter), and these results are
consistent with our previous statement that the shell-model-
like components are dominant in this state. The matter radii
for the 1/2− states have a tendency to increase with the increase
of the excitation energy. The matter radius for the 1/2− state
at −81.3 MeV (Ex = 13.0 MeV) is especially large, which
corresponds to the dilute distribution of valence neutron as
shown in Fig. 2(b), which we mention later. The fourth 1/2−
state calculated at −78.3 MeV (Ex = 16.0 MeV) has a large
proton radius (2.57 fm) and a small α-breaking component
(〈SO1by〉 = 0.20), which indicates the presence of an α-cluster
structure in this state.
Next, we analyze the single-particle parity of one valence
neutron moving around the 12C core, which is shown as Pv in
Table I. The single-particle parity of the valence neutron can
be calculated by introducing the following operator [30]:
Pv =
∑
i=neutrons
ˆPi −
∑
i=protons
ˆPi. (7)
Here, ˆPi is the parity inversion operator of the i-th nucleon, and
the eigenvalue is 1 (−1) for the nucleon in the positive-parity
(negative-parity) orbit. By subtracting the proton part from
the neutron part, the contribution coming from the 12C core
disappears and we can extract the information of the valence
neutron. The ground state has the expectation value of −0.94,
which is close to −1 because the valence neutron mainly
occupies thep orbital around the 12C core. The valence neutron
in the third 1/2− state also has a value close to −1 (−0.76);
however, the second and fifth 1/2− states have the values
of −0.34 and −0.19, respectively. Here the valence neutron
has both the positive- and negative-parity components. On the
contrary, the fourth 1/2− state has a positive value (0.46), thus
the negative parity is created by the 12C core.
The intrinsic density of each 1/2− state is shown in Fig. 2. In
our calculation, we have superposed many Slater determinants,
and the coefficients for the linear combination are obtained
after the angular momentum and parity projections; however,
the intrinsic density can be extracted in a way shown in
Ref. [31]. Each bases state is rotated to be the eigen state of
the Q operator, and the coefficients for the linear combination
of the basis states are modified by multiplying Wigner’s D
function. Here, the blue contour lines show the intrinsic density
of the protons, which is proportional to the density distribution
of the 12C core part, and by subtracting the proton density from
FIG. 2. (Color online) Density distribution of each 1/2− states of
13C [1/2−1 (a), 1/2−2 (b), 1/2−3 (c), and 1/2−4 (d)]. The blue dotted
curves show the density of the proton part (proportional to the
distribution of the 12C core), and the density distribution of the valence
neutron is shown by the red dots. The distributions on the xy(xz) plane
are shown with the label of “-1” (“-2”).
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the neutron density we obtain the density distribution of the
valence neutron, which is shown by the red dots. The blue
lines show that the clustering of 3α develops with increasing
excitation energy, which is consistent with our results in
Table I. The valence neutron (red dots) has a specific
distribution in each state. In the ground state, the valence
neutron is concentrated around the 12C core [Fig. 2(a-1)] and
it has a clear node perpendicular to the 3α plane [Fig. 2(a-2)].
In the second 1/2− state, the valence neutron has a dilute
distribution around the 12C core [Fig. 2(b-1)], and the node
perpendicular to the 3α plane is vague compared with the
ground state [Fig. 2(b-2)]. In the fourth 1/2− state [Fig. 2(d)],
the density of the valence neutron is localized around the center
of three α clusters without a node, which is consistent with the
calculated positive value of the single-particle parity shown in
Table I.
Next, we check whether the calculated 1/2− states above
the particle threshold really correspond to the sharp resonance
states that can be observed by experiments or not. By using
the idea of analytical continuation in the coupling constant
(ACCC) [32–34], we can investigate the behavior of the
solution with additional potential V1by with the coupling
constant λ, by which nucleons are more attracted into the inner
region. When the energy of some specific state is exceptionally
insensitive to the λ value, we consider the corresponding state
continuum state or broad resonance state. In the present case,
the spatial extension of each α cluster is compact compared
with the one valence neutron; this is most specific in the second
1/2− state as shown in Fig. 2 and Table. I. Therefore, we
focus on the valence neutron and apply this method, and the
additional potential is set to have the following form:
V1by = λ
⎧⎨
⎩
∑
i=neutrons
G(i) −
∑
i=protons
G(i)
⎫⎬
⎭ , (8)
where G(i) = Vg exp{−νg(ri − rc.m.)2} is the one-body Gaus-
sian potential with Vg (depth) = −51 MeV and νg (range
parameter) = 0.1 fm−2. The contribution of the potential to
the proton part is subtracted from the neutron part; thus the
effect for the 12C core vanishes and the additional potential
acts only for one valence neutron around 12C. The strength of
this additional one-body potential is controlled by the coupling
constant λ.
In Fig. 3, the energies of 1/2− states are shown as a function
of the coupling constant λ. We can see rapid decrease of energy
in most of the states with increasing λ, as seen for the ground,
third, and fourth states at λ = 0; this is the typical behavior
for the bound and sharp resonance states. However, there are
two states that are less sensitive to the λ value. The second
1/2− state at −81.3 MeV at λ = 0 stays almost constant
with increasing λ value. Although the level experiences the
crossings with other states and it corresponds to the seventh
1/2− state at −82.7 MeV at λ = 1, the components of the
wave function do not change from 
 = 0. Such behavior
is for the broad resonance or continuum state. Similar thing
happens for the fifth 1/2− state at −76.9 MeV at λ = 0. With
increasing λ value, the state experiences the level crossings,
and eventually it becomes the eighth 1/2− state at λ = 1,
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FIG. 3. (Color online) Energies of the 1/2− states of 13C as a
function of coupling constant (λ) of one-body Gaussian potential
[Eq. (8)]. The dashed lines at −88.0 and −82.7 MeV show the 12C + n
and α-α-α-n threshold energies, respectively.
however the energy and the property of the wave function stay
constant. This state is also considered as a broad resonance
state. By performing ACCC with respect to the 12C + n
threshold energy, the widths for the third and fourth 1/2− states
are calculated as 0.5 and 0.2 MeV, respectively. However, we
cannot obtained well-converged widths for the second and fifth
1/2− states, which are considered to be broad resonance states
as mentioned before. One reason is that our framework is based
on the strong coupling picture, and in each basis state only the
total system of 13C is projected to the eigen state of the angular
momentum, but the 12C core part is not. Of course the GCM
effect (superposition of many different Slater determinants)
helps to restore the rotational symmetry of the 12C core part;
however, the precision for the reproduction of the threshold
energy may not be enough for the broad resonance states.
In Fig. 4, the obtained 1/2− states of both cases of M
(Majorana exchange parameter of V 2) = 0.6 and M = 0.61
are shown together with the experimental results (shown as
exp.). Here, the states considered to have large decay width
as a result of ACCC analysis are shown by a dotted line (the
second and fifth 1/2− states).
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FIG. 4. The energy spectra for the 1/2− states of 13C measured
from the α-α-α-n threshold energy. Both results for M = 0.61
and M = 0.60 are presented together with the experimental results
(shown as exp.). Here, states considered to have a large decay width
as a result of ACCC analysis are shown by dotted lines. The dashed
lines show the 12C + n threshold energy.
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IV. DISCUSSION FOR THE E0 TRANSITION
In this section, we discuss the relation between the
clustering of each state and the E0 transition probabilities.
The isoscalar E0 transition probability between i-th and j -th
states is given by
B(E0, i → j ) =
∣∣∣∣∣〈i|
∑
k
r2k |j
〉
∣∣∣∣∣
2
, (9)
where the summation over k is for all the protons and neutrons.
We compare the B(E0) values of 12C and 13C and show how
the effects of large clustering and α breaking influence the
transition probabilities.
We start the discussion with 12C by introducing a simple
model. First, the model space is restricted to three α clusters.
The relative distance between two of the α clusters is set
to 3 fm. The relative distance between this 8Be (2α) and
the remaining α (localized perpendicular to 8Be) is taken
from 2 to 6 fm, which is called D. Here, the basis state
with D = 2 fm is considered to represent the ground state
component, and we diagonalize the Hamiltonian consisting
of the basis state and another basis state with a different
D value. The E0 transition probability between these two
states after diagonalizing the 2 × 2 Hamiltonian is shown as a
function of D in Fig. 5 (solid line). The B(E0) value increases
with an increase of D, and after becoming maximum around
D = 5 fm, the value decreases rapidly. This maximum value of
∼350 fm4 is much larger than the observed B(E0, 0+1 → 0+2 )
value of 120.1 fm4 [35]. However, the second 0+ of 12C has
a dilute distribution of three α clusters, thus the real B(E0)
value is integrated over the wide range of the D values. The
contribution from the basis states with D larger than 5 fm
decreases the expectation value of the B(E0) value. Although
the observed B(E0, 0+1 → 0+2 ) value of 12C is large and this
is the signature of the cluster structure of the second 0+ state,
if the second 0+ state has a definite configuration with D =
5 fm, the value must be even larger. When the final state has a
very extended density distribution, no spatial overlap with the
initial state exists, and the B(E0) value becomes small, so that
the experimental B(E0) value of 12C contains a contribution
of such components.
Second, we discuss the contribution of the α-breaking
effect to the B(E0) value. We prepare the basis states with
0
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FIG. 5. (Color online) B(E0) value from the ground state as a
function of relative 8Be-α distance (D in the text). The solid curve
shows the results for the second 0+ state of 12C. The dotted curves
show the results for the 1/2− states of 13C.
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FIG. 6. The 
 dependence of the B(E0, 0+1 → 0+2 ) value of 12C.
See the text for details.
D = 2 fm andD = 5 fm. After diagonalizing the Hamiltonian,
we calculate the B(E0) value between the two obtained states,
with the result corresponding to D = 5 fm in Fig. 5. Here,
we calculate the change of the B(E0) value when one of
the α clusters in the D = 2 (fm) basis state is broken due
to the spin-orbit interaction. The breaking effect of one of the
α clusters is expressed by introducing 
 as in the previous
section. Figure 6 shows the 
 dependence of the B(E0) value,
and we can see the decrease of the value when one α cluster
is broken into four independent particles. The curve indicates
that the mixing of the shell-model-like configurations in the
ground state of 12C contributes to the decrease of the B(E0)
value to about 25 % around 
 = 0.4, which is the optimal 

value for the ground state of 12C. This is another reason why
the observed B(E0, 0+1 → 0+2 ) value of 12C is much smaller
than the maximum value of Fig. 5.
Finally, we discuss the case of 13C. Here, the 12C core is
also described by the three α clusters, and we prepare the
basis states with D = 2 fm and different D values. Moreover,
we superpose the basis states, which are generated by using
a random number for the Gaussian center parameter of the
valence neutron. The selection of the basis state is performed
in the same way as described in Sec. III. In Fig. 5, the dotted
lines show the B(E0) values of 13C between the ground 1/2−
state and the excited 1/2− states as functions of D. The values
are strongly dependent on the neutron orbit of the final state,
and generally, they are much smaller than those of the 12C
case.
TABLE II. Relation between E0 transition strength and “dispar-
ity” (|P iv − P fv |) of the valence neutron (in parentheses) for various
1/2− states of 13C. Note that the model space of this table is the one
used in Sec. III.
States 1/2−1 1/2−2 1/2−3 1/2−4 1/2−5
Single-particle parity
(Pv)
−0.94 −0.34 −0.76 0.46 −0.19
1/2−1 65.6 121.6 2.8 0.0
(0.60) (0.18) (1.4) (0.75)
1/2−2 61.0 20.0 24.7
(0.42) (0.80) (0.15)
1/2−3 0.2 29.3
(1.22) (0.57)
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Here, we show how the wave function of one valence
neutron causes the suppression of the B(E0) value, which
is remarkable at some specific condition. The matrix element
of the E0 transition in 13C between the initial (i) and the final
(f ) states (M(i → f )) can be roughly expressed by the two
terms
M(i → f ) = 〈ψivn
∣∣r2∣∣ψfvn
〉× 〈i3α
∣∣f3α
〉
+ 〈ψivn
∣∣ψfvn
〉× 〈i3α
∣∣∑
k
r2k
∣∣f3α
〉
, (10)
where ψvn and 3α denote the wave functions for the valence
neutron and the 3α core, respectively. In this case, the second
term is more important, because this is the coherent sum
of 12 nucleons in the 12C core. Furthermore, this term is
nothing but the value for the 12C core part with the factor of
〈ψivn|ψfvn〉. Therefore, in the case of the E0 transition of 13C,
an additional factor, which is the overlap of the wave function
of the valence neutron between the initial and final states, is
multiplied to the transition probability of 12C. Our discussion
for the relation between the B(E0) value and the wave function
suggests that the “disparity” of the orbit of the valence neutron
between the initial and final states affects the B(E0) value
sensitively. To see this effect, we define the disparity of the
wave function of the valence neutron in the initial and final
states, which is the difference of the single-particle parity (Pv)
of the initial (i) and final (f ) states, |P iv − Pfv |. Using the
model space of Sec. III, we can discuss the relation between
the disparity and the B(E0) values. Table II indicates that the
B(E0) value becomes small when the disparity is large, and
this is prominent in B(E0, 1/2−1 → 1/2−4 ). This is the reason
why the state calculated at Ex = 16 MeV, which has a large
clustering feature, has a small E0 transition probability from
the ground state.
V. CONCLUSION
We have studied the structure of 13C with a microscopic
model. In addition to the cluster structure, the α-breaking
configurations using SMSO are included. The energy spectra
of the 1/2− states are obtained reasonably compared with the
experimental ones. Although the α-breaking effect is found
to be prominent in the ground state, the α-cluster structure
becomes important with increasing excitation energy. We
discussed the relation between the clustering of each state
and the E0 transition probabilities. In 13C, the overlap of the
wave function of the valence neutron between the initial and
final states is multiplied to the transition probability of 12C.
Therefore, the “disparity” in the orbit of the valence neutron
between the initial and final states affects the B(E0) value
sensitively.
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